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In December 2019, an outbreak of the respiratory disease 
caused by a novel coronavirus was reported in China. The 
infection rapidly spread across the globe. On February 11, 
the disease received its official name COVID-19 from WHO; 
at the same time, the International Committee on Taxonomy 
of Viruses named the novel pathogen SARS-CoV-2 [1]. On 
March 11, WHO declared a pandemic of the novel coronavirus 
disease. 

SARS-CoV-2 is a representative of the Betacoronavirus 
genus from the Coronaviridae family. The virus has 4 major 

structural proteins: a spike protein (S) consisting of 2 subunits 
S

1
 and S

2
; an envelope protein (E); a membrane protein (M), 

and a nucleocapsid protein (N). The receptor-binding domain 
(RBD) of S

1
 mediates SARS-CoV-2 entry into the host cell. The 

nucleocapsid protein plays a significant role in viral transcription 
and assembly in the host cell. As a rule, neutralizing antibodies 
bind to the RBD of the S protein blocking the entry of the virus 
into the cell. At the same time, the mechanisms of interaction 
between the antibody and the N protein are yet poorly studied 
[2, 3].

Karmishin AM1      , Nosov NYu1, Postupaylo VB1, Zhigarlovsky BA1, Kruglov AA1, Petukhov AN2

METHOD FOR QUANTITATIVE ASSESSMENT OF PROTECTIVE IMMUNITY AGAINST SARS-COV-2, 
ITS DURATION AND ANTIBODY DYNAMICS

The level and duration of protective immunity are often analyzed qualitatively or semi-quantitatively. The same strategy is applied to the analysis of antibody 

dynamics. At some point in time t after exposure or immunization, the presence of immunity against the infection is inferred from the level of specific antibodies by 

comparing it to a reference value. This approach does not account for the stochastic nature of human disease after exposure to a pathogen. At the same time, it 

is not fully clear what antibody level should be considered protective. The aim of this study was to develop a mathematical model for quantitative determination of 

protective immunity against SARS-CoV-2 and its duration. We demonstrate that the problem of describing protective immunity in quantitative terms can be broken 

down into 2 interrelated problems: describing the quantitative characteristics of a pathogen’s virulence (in our case, the pathogen is SARS-CoV-2) and describing 

the dynamics of antibody titers in a biological organism. Below, we provide solutions for these problems and identify parameters of the model which describes 

such dynamics. Using the proposed model, we offer a theoretical solution to the problem of protective immunity and its duration. We also note that in order to 

quantitatively determine the studied parameters in a homogenous population group, it is necessary to know 5 parameters of the bivariate probability density function 

for correlated continuous random variables: the infective dose of the pathogen and the antibody titer at which the disease develops and which are still unknown. 
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МЕТОД КОЛИЧЕСТВЕННОЙ ОЦЕНКИ НАПРЯЖЕННОСТИ И ДЛИТЕЛЬНОСТИ ИММУНИТЕТА К SARS-
COV-2 И ДИНАМИКИ ИЗМЕНЕНИЯ ТИТРОВ АНТИТЕЛ

Вопросы напряженности и длительности иммунитета зачастую рассматривают на качественном или полуколичественном уровнях. Практически 

аналогичную ситуацию можно наблюдать и при изучении динамики изменения уровня антител у населения. О наличии иммунитета на момент времени t 

после инфицирования (вакцинации) судят по уровню антител в сравнении с их референсными значениями. Данный подход не учитывает стохастический 

характер заболевания человека при действии на него патогена. В то же время не вполне понятно, какой уровень защиты обеспечивает определенный 

уровень антител. Целью исследования было разработать математическую модель для количественного определения напряженности и длительности 

иммунитета к SARS-CoV-2. Показано, что описание напряженности и длительности иммунитета распадается на решение двух взаимосвязанных задач: 

1) описание количественных характеристик вирулентности патогена и, в частности, SARS-CoV-2; 2) описание динамики изменения титров антител 

в организме биообъекта. Дается решение этих задач и по экспериментальным данным определяются параметры модели, описывающей динамику 

изменения титров антител. На базе разработанной модели представлено теоретическое решение задачи о напряженности и длительности иммунитета 

и отмечено, что для получения количественных оценок рассматриваемых показателей для каждой однотипной группы населения необходимо знать пять 

параметров двумерной плотности распределения коррелированных непрерывных случайных величин: инфицирующей дозы патогена и титра антител, 

при которых наступает заболевание и которые к настоящему времени неизвестны. 

Ключевые слова: SARS-CoV-2, COVID-19, инфицирующая доза патогена, вероятность заболевания, титр антител, напряженность иммунитета, 
длительность иммунитета
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3) in a human organism, antibody titers rise, then reach a 
plateau level and then wane to 0 or some background value;

4) protective immunity and its duration are determined by 
the level of specific antibodies.

Based on the methodological and scientific consensus, this 
study attempted to build a mathematical model describing the 
stochastic character of the novel coronavirus disease following 
exposure to its causative agent and the dynamics of antibody 
titers to SARS-CoV-2. This model could be instrumental 
in solving a number of important practical tasks, such as 
determining the level of protection against the infection and the 
duration of protective immunity.

This study used literature data on the results of testing for 
IgM and IgG against the S and N proteins and the RBD-fragment 
of the S-protein conducted on 1,850 patients hospitalized for 
COVID-19 [2]. Figures were prepared in Microsoft Office Excel 
2013 (Microsoft; USA). 

RESULTS

Using methods of differential and integral calculus and the 
probability theory, we developed a mathematical model 
describing the dynamics of antibody titers in human blood in 
order to solve the following tasks:

– to predict the dynamics of antibody titers in an infected or 
immunized population;

– to estimate the duration of an infectious disease that is at 
or above a specified severity level;

– to estimate the level of protection and the duration of 
protective immunity;

– to provide a rationale for vaccine requirements considering 
the purpose of vaccination.

It follows from fact 1 (the probability of an infectious disease 
depends on the antibody titer) that at any level of specific 
antibodies, e.g. IgG, the disease is probable; therefore, 
a bivariate probability density function for a random antibody 
titer and an infective dose causing the disease at this titer can 
be added to the analysis. Based on the previous theoretical 
and experimental research [4, 6, 7, 15], we conclude that the 
probability density function is described by a bivariate log-
normal distribution: 

where ID
50

 is a median of the random infective dose that causes 
a studied infectious disease at a titer Т

50
 with 0.5 probability; 

Т
50

 is an antibody titer median observed in biological objects 
of the same type (homogenous groups of humans); σlnD,  
σ

lntT
 a are mean squared errors of the natural logarithm of the 

random disease-inducing infective dose and the antibody titer, 
respectively; r

lnDlnT
 is a correlation coefficient for the natural 

logarithms of the random variables in question.
In the general case, the domain of the correlation coefficient 

is [–1; 1], but in our case the correlation coefficient must be 
positive and defined in the interval (0; 1] because the disease-
causing infective dose is expected to increase as the antibody 
titer rises. 

It follows from equation (1) that if titer T of IgM or IgG 
antibodies is a fixed value, then the random infective dose that 
causes a mild, moderate, severe or very severe infection will 
have a log-normal distribution:

During the first phase of modeling the COVID-19 epidemic, 
a method was proposed for determining the quantitative 
characteristics of SARS-CoV-2 spread in different countries 
[4–7]. 

According to experimental data, the dynamics of antibody 
production against any pathogen, including SARS-CoV-2, after 
exposure or immunization are characterized by the following 
pattern [2, 3, 8]:

– the antibody titer rises;
– in a general case, the titer reaches a plateau level;
– the titer gradually wanes, falling to 0 in a general case or 

to some background value in a special case.
Immunity is a state in which the organism is not susceptible 

to infection. Almost every immunity can be overcome with 
massive doses of pathogen. Protective immunity can be 
measured as “the protective titer of neutralizing antibodies”, 
i.e. the level of specific antibodies in the blood serum ensuring 
protection against the disease, which may develop following 
exposure to the pathogen. The “protective titer” is a relative 
concept. Notably, low antibody titers may confer some 
protection against the pathogen, whereas high antibody titers 
do not guarantee absolute protection against the disease [9].

This definition of protective immunity is very general and 
does not account for its quantitative characteristics.

Since the development of an infectious human disease 
is a stochastic process, protective immunity can be defined 
in stricter terms. It is the level (titer) of antibodies at which the 
probability of disease after exposure to the infective dose does 
not exceed a specified (forced) probability. 

The duration of immunity is the time span during which 
protective immunity is sustained.

In order to calculate the protective level of antibodies and 
the duration of protective immunity, a mathematical model is 
needed that would describe the probability of an infectious 
human disease at a given antibody titer and antibody 
persistence after exposure to the infective dose. So, the 
problem of describing protective immunity in quantitative terms 
can be broken down into two interrelated problems: 

– to mathematically reason the relationship between 
the dynamics of parameters of the hazard factor law, which 
describes the probability of infection in the human population, 
and the levels (titers) of antibodies against this infection;

– to build a mathematical model of antibody titer dynamics 
in a human organism.

So far, the level and duration of immune protection against 
SARS-CoV-2 following infection or immunization remain 
unknown; this fact is openly admitted by the developers of 
Russian and foreign vaccines and specified in the instructions 
for their use [10–14].

The aim of this study was to develop a mathematical model 
for quantitative determination of protective immunity against 
SARS-CoV-2 and its duration. 

METHODS

The following theoretically or experimentally established factors 
were considered while developing a mathematical model of 
antibody titer dynamics:

1) all else being equal, the probability of an infectious human 
disease depends on the antibody titer: the higher the titer, the 
lower the probability;

2) antibody production is a stochastic process; consequently, 
the levels of a given antibody type will differ among individuals 
at a specific point in time following exposure to a given infective 
dose; in other words, antibody titers are a random variable;

(2)

(1)
Т50

Т
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where ID
50

 is a distribution law parameter: the median value 
of the random infective dose that causes a mild, moderate, 
severe or very severe infection at a given antibody titer;

σ
InD

 is a mean squared error of the natural logarithm of the 
random infective dose that causes infection at a given antibody 
titer.

Parameters of the conditional probability distribution of a 
random variable  D  from the equation (2) can be expressed 
using the parameters of bivariate density distribution (1) and the 
fixed value of the antibody titer as follows [16, 17]:

From the conditional probability distribution of the random 
infective dose that causes the infectious disease of or above a 
specified severity level at a given antibody titer follows the so-
called hazard factor law [4, 7], which describes the probability 
of a studied infectious disease at antibody titer T depending on 
the applied infective dose:

ID
50 

is a parameter of the law: the infective dose at which the 
probability of the onset of an infectious disease of severity at or 
above the specified level (mild, moderate, severe, very severe) 
at a given antibody titer equals 0.5. 

The relationship between the hazard factor law describing 
an infectious disease of severity at or above the specified level 
and the titer of IgG antibodies is schematically shown in Fig. 1.

It follows from the hazard factor law that the infective dose 
at which the infectious disease develops with the probability p 
can be defined as shown below [15]:

where argerf(u) is a function inverse to the integral of error 
function [13]. 

Thus, in order to determine the probability р of developing 
an infectious disease and the probability 1–р of not developing 
this infectious disease after exposure to the infective dose D, 
we need to know the point in time after exposure when the IgG 
antibody titer will equal T. 

When talking about the probability of developing or not 
developing an infectious disease, a safe infective dose can be 
introduced to the analysis. By analogy with the safe dose of 
toxic chemicals [16, 17], the safe infective dose of a pathogen 
can be defined as follows: it is an infective dose at which, at a 

given antibody titer, the probability of developing the disease 
does not exceed a given probability (forced or psychologically 
acceptable). 

A study [4] demonstrates that IgM and IgG titers measured 
in different individuals at the same point in time after exposure 
vary.

According to the existing theoretical concepts, the level 
of any antibody type at a specific point in time after exposure 
is a continuous random variable defined in the interval [0, ∞]) 
and characterized by a log-normal unconditional distribution 
inferred from equation (1). Then, the probability of a random 
variable  (antibody titer) at a certain point in time after exposure 
being less than Т can be described as follows:

where Т
е
 is a distribution parameter for a random antibody 

titer: its median (half of the people at a given point in time 
after exposure will have antibody titers below Т

е
, the rest will 

have antibody titers above Т
е
);    is a distribution parameter 

characterizing the range of antibody titers relative to the median 
(the lower      , the wider the range relative to the median and, 
conversely, the higher       , the narrower the range). 

Distribution parameters for a random titer (6) can be defined 
from experimental data using a previously proposed method 
In some coordinate system, equation (6) represents a line [7]:

therefore, the method of least squares can be employed to 
estimate the unknown parameters of equation (7).

Table 1 shows grouped data on IgМ titers on day 7 after 
exposure and IgG titers on day 33 after exposure (raw date 
were taken from [2]).  

The results of the analysis based on the method of least 
squares of data from Table 1 for equation (7) are provided in 
Table 2; Fig. 2 shows the linear representation of these data.

Parameters of distribution for random antibody titers at 
other points in time after exposure were estimated in a similar 
fashion.

Satisfactory estimates obtained during the analysis support 
a theoretical conclusion that a random titer at a given point in 
time after exposure has a log-normal distribution.

Table 3 shows the results of the statistical analysis of IgM 
and IgG titers described by equation (7) which was conducted 
based on the method of least squares: distribution parameters 
for random T

e
 and    and statistical estimates of equation 

*

~

(6)

(3)

(4)

(5)

Fig. 1. The dependence of the hazard factor law on IgG antibody titers

*

*

*

~

(7)

P
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Parameters of the model (8–11) were determined using the 
numeric method of least squares in Excel. 

Fig. 3 shows the dynamics of median IgM titers and a 
theoretical curve described by equations (9) and (11).

The proposed mathematical model is useful for solving a 
range of applied problems, like computing the level and duration 
of immune protection following exposure to the infective dose. 

Let us formulate the problem. There is a need to determine 
the level and duration of protective immunity after exposure to 
the infective dose D, given that the probability p of developing 
the infectious disease does not exceed a given (forced) 
probability.

Based on the hazard factor law (4), by analogy with equation 
(5), let us find ID

50
 at which the probability of the disease after 

exposure to the infective dose D equals р:

Having found ID
50 

(T) let us now find, based on the bivariate 
log-normal distribution, the IgG titer at which ID

50 
(T) is: 

Earlier in this paper, we showed that at a given point in 
time after exposure the IgG titer is a continuous stochastic 
variable which follows a log-normal distribution. So, there is 
some probability that this titer will be equal to or be higher 
than T (the protective titer). Assuming there is a sufficiently 
high probability p (T) that the antibody titer is equal to or 
higher than T, let us find a median titer which ensures this 
probability: 

parameters and the equation itself: Fisher’s criterion, the 
correlation coefficient and mean squared errors for lnT

e
 and      .

The analysis of the dynamics of median antibody titers 
shows that the medians increase at first, reach a plateau level 
and then wane, falling almost to zero. Pharmacodynamically, 
this pattern can be easily explained within the confines of a 
one-compartment model [15]: after exposure, the organism 
starts to produce antibodies at a fixed rate; at the same time, 
the level of the produced antibodies decreases due to antibody 
elimination mechanisms, including metabolism, excretion of 
antibodies in the unchanged state, etc. At some point, when the 
rate of antibody production reaches the rate of their elimination, 
the dynamics of antibody titers will reach a plateau. Once the 
secretion of antibodies stops, their concentration in the blood 
will fall exponentially. Such qualitative dynamics of antibody 
titers allow us to arrive at the following differential equations. 

In a time interval from 0 to the cessation of antibody 
production (τ), a change in the antibody titer dT during an 
infinitely small time interval can be described as:

The solution to this equation takes the form of: 

where q is the rate of antibody production; 
V

k
 is the total blood volume in the organism, ml; 

λ is the immunoglobulin elimination constant expressed as 
day–1. 

Since q equals 0 once the secretion of antibodies has 
stopped (t > τ), differential equation (8) will take the following 
form:

The solution for equation (10) can be written as follows: 

Table 1. Grouped data on IgM (n = 11) and IgG (n = 38) titers  

Note: AU — arbitrary unit: the diagnostic system employed for quantitative analysis returned the results in its own units of measurement different from the international 
units of measurement.

Titer Т,
AU×ml-1

Number of cases with lower titers Proportion of cases, р 2p-1 argerf(2p-1) lnT

IgM titers 7 days after exposure

3,5 2 0.182 –0.636 –0.642 1.253

12 5 0.455 –0.091 –0.081 2.485

17 6 0.545 0.091 0.081 2.833

59 9 0.818 0.636 0.642 4.078

110 10 0.909 0.818 0.944 4.7

IgG titers 33 days after exposure

67 3 0.079 –0.842 –0.999 4.205

90 11 0.289 –0.421 –0.392 4.5

114,2 18 0.474 –0.053 –0.047 4.738

213 37 0.974 0.947 1.37 5.361

(11)

(12)

(13)

Table 2. Estimates of equation (7) parameters

Antibody type lnTe σlnTe
Correlation coefficient Fisher’s criterion Significance of model

IgM 2.658 0.007 0.459 0.012 1 34,260 < 0.01

IgG 4.709 0.021 2.051 0.024 0.998 406 < 0.01

(8)

(9)

(10)

*
*

(14)
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–at t > τ  

The onset time t
o
 and the termination time tt are inferred from 

equations (16) and (17). Those are time points after exposure 
at the beginning and at the end of the time interval throughout 
which the median titer is maintained at the level equaling to or 
higher than a given level determined by expressions (16) and 
(17): 

                                       

                                             

The graphic representation of these time values is provided 
in Fig. 4.

Considering the abovesaid, the duration of protective immunity 
can be calculated using the formula:

                        

Table 3. Distribution parameters for a random antibody titer at a given point in time after exposure and statistical estimates

Time after exposure, days Sample size, N Median T
e

Statistical estimates for equation (7)

Fisher’s
criterion

Correlation coefficient

IgM

2 2 5.9 1.213 – –

5 9 6.9 0.27 6900 1

8 13 11.8 0.566 44,500 1

12 17 16.1 0.326 4200 1

23 19 18 0.427 4600 1

31 73 36.6 0.472 705 0.997

42 87 32.7 0.473 4150 1

49 50 27.6 0.621 2100 0.999

58 26 20.2 0.403 9400 1

66 35 14 0.617 560 0.997

73 6 10.1 0.635 8650 1

IgG

6 18 19.6 0.308 33 0.897

12 17 42.6 0.275 17 0.968

28 19 72.2 0.621 38 0.951

42 88 118.2 1.77 50 0.936

64 23 92.9 1.283 40 0.953

70 27 74 0.805 41 0.955

79 26 66.2 1.582 51 0.981

Then the probability of an individual not developing the 
disease after exposure to the infective dose D is the product 
of multiplication of 2 probabilities: the probability р (T) that the 
IgG titer will be higher than T and the probability 1–р (D) that 
the infected person will not develop the disease after exposure 
to the infective dose, i.e.:  

It follows from this solution that for humans with a given 
antibody titer, the level of protection (protective immunity) 
is linked to the probability of developing or not developing a 
disease disease following exposure to some infective dose D. 

Now, let us find the duration of protective immunity, i.e. the 
time interval thoughout which the IgG titer equals to or is above 
a given value. This is consistent with the median Те titer being 
equal to or above the value determined by equation (14).

By equaling the median titer Т
е
, determined by (14) to its 

dynamics over time, we will get:
 –at t < τ
 

(16)

(17)

(19)

(18)

(20)

Fig. 2. The linear representation of the distribution law for random IgM and IgG titers

IgM titers 7 days after exposure IgG titers 33 days after exposure

(15)

Т
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Fig. 3. The dynamics of median IgM (А) and IgG (B) titers over time

These solutions work for different types of antibodies 
produced after exposure to a pathogen or after immunization. 

In the most general case, parameters of the proposed 
models depend on a number of factors like sex, age (children, 
adults, individuals of advanced age), general health (seemingly 
healthy individuals, patients with chronic conditions, etc.), 
medical history (a past history of the disease or immunization, 
immunized patient with or without a past history of infection).

In order to quantitatively determine the level and duration 
of protective immunity, we need to know 5 quantitative 
characteristics of virulence for each of homogenous population 
groups in a system of 2 random variables: the infective dose 
and the antibody titer at which the disease develops, as well 
as to describe the dynamics of antibody titers after infection or 
immunization. 

DISCUSSION

As a rule, the literature provides only qualitative or semi-
quantitative estimates. Often, there is no characterization of 
antibody titers at some point in time after exposure: positivity 
coefficients are described instead. Usually, no theoretical 
rationale for antibody titer dynamics is provided [2, 3, 8, 18, 19].
The dynamics of antibody titers are different for different 
antibody types. For example, the rates of production of 
IgM and IgG antibodies to the N-protein and RBD are not 
the same. IgM antibodies to the N protein are produced at a 

faster rate and have a high peak, whereas IgG-antibodies for 
the same protein are produced at a slower rate and do not 
reach high concentrations. By contrast, IgG antibodies to RBD 
grow rapidly, whereas IgM antibodies to RBD are produced 
at a slower rate [18, 19]. Most of the existing ELISA kits for 
measuring antibodies to SARS-CoV-2 target the S-protein, its 
RBD fragment and the N protein.

CONCLUSIONS

A few mathematical models were developed in the course of 
this study: 1) the hazard factor law, which models the probability 
of developing COVID-19 after exposure to the infective dose of 
SaRS-CoV-2 by an individual who already has some IgG; 2) the 
model of antibody titer dynamics in a human organism based 
on the averaged rate of antibody production over time — and 
the rate of simultaneous antibody elimination by all bodily 
mechanisms; 3) using these 2 models, a method for measuring 
protective immunity and its duration was proposed. Similar 
solutions can be applied to immunized populations. In order 
to obtain hard numbers reflecting the level and duration of 
protective immunity, parameters of the proposed models need 
to be experimentally identified first. This will help to bridge the 
existing gap associated with the absence of one of the basic 
vaccine characteristics: developers of SARS-CoV-2 vaccines 
do not know what antibody levels and immunity duration are 
protective against the disease.

Fig. 4. The graphic representation of the solution to the problem of protective immunity duration

Te

Te

tH tk t (days)

V = 5000 ml;
q = 36,500 AU/days;
λ = 0,45 1/days
τ = 62 days

Te(t) IgGTe(t) IgM

t (days)t (weeks)

BА

T
e(

t)

T
e(

t)

V = 5000 ml;
q = 70,000 AU/weeks;
λ = 0,45 1/weeks;
τ = 7 weeks.
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